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ON THE PHASE FORM OF A DEFORMATION 
QUANTIZATION WITH SEPARATION OF VARIABLES 


ALEXANDER KARABEGOV 


Abstract. Given a star product with separation of variables on 
a pseudo-Kahler manifold, we obtain a new formal (l,l)-form from 
its classifying form and call it the phase form of the star product. 
The cohomology class of a star product with separation of vari¬ 
ables equals the class of its phase form. We show that the phase 
forms can be arbitrary and they bijectively parametrize the star 
products with separation of variables. We also describe the action 
of a change of the formal parameter on a star product with sepa¬ 
ration of variables, its formal Berezin transform, classifying form, 
phase form, and canonical trace density. 


1. Introduction 


Given a manifold M, we denote by C'°°(M)[z/ z/]] the space of for¬ 

mal Laurent series with a hnite principal part, 



r=k 


where fr G C°°{M) and A; G Z. If /c > 0, we will say that the formal 
function / vanishes at u = 0. 

Deformation quantization on a Poisson manifold (M, {•,•}) is an as¬ 
sociative product (named a star product) * on z/]] given 

by the following z/-adically convergent series, 


f*g = fg + 


r=l 


where Cr are bidifferential operators and Gi(/, g) — Ci{g, f) = i{/, g}. 
We assume that the unit constant is the unity for the star product, 
/*l = l*/ = /. A star product can be restricted (localized) to 
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an open snbset U C M. We denote by L/ and Rf the operators of 
left and right star mnltiplication by a fnnction /, respectively, so that 
f * g = LfQ = Rgf . The operators Lj and Rg commnte for any 
functions f,g. 

Nondegenerate Poisson bivectors bijectively correspond to symplec- 
tic forms. We will call a star prodnct nondegenerate if the correspond¬ 
ing Poisson strnctnre is nondegenerate. 

Two star prodncts * and on a Poisson manifold M are called 
eqnivalent if there exists a formal differential operator B = l + vBi + ... 
on M snch that 


f*'g = B-\Bf*Bg). 


Deformation qnantization was introdnced in [T]. It was proved by a 
nnmber of anthors ( [5] , |S] , [13] ) that the eqnivalence classes of star prod¬ 
ncts on a symplectic manifold (M, a;_i) are bijectively parametrized by 
the formal cohomology classes in 


1 




V 


Fedosov gave a simple geometric constrnction of star prodncts in each 
eqnivalence class on an arbitrary symplectic manifold in |4]. Kontsevich 
proved in m that star prodncts exist on arbitrary Poisson manifolds 
and gave a classihcation of star prodncts np to eqnivalence in terms of 
formal deformations of the Poisson strnctnre. 

If * is a star prodnct on a 2m-dimensional symplectic manifold 
(M, W-i), there exists a canonically normalized formal trace density 



( 1 ) 


where x is a globally dehned formal fnnction on M which vanishes at 
z/ = 0 (see H, i). On a compact M, the index theorem for deformation 
qnantization ( 0 . 1121 ) gives a topological formnla for the total volnme 
of /i in terms of the cohomology class of the star prodnct. 

If M is a complex manifold with a Poisson bracket {•, •} of type (1,1) 
with respect to the complex strnctnre, a star prodnct * on (M, {•, •}) 
has the property of separation of variables (of the anti-Wick type) 
if a * / = af and f * b = bf for any locally dehned holomorphic 
fnnction a and antiholomorphic fnnction b, i.e., the operators La = a 
and Rb = b are pointwise mnltiplication operators. Eqnivalently, every 
bidifferential operator Cr of the star prodnct * differentiates its hrst 
argnment in antiholomorphic directions and the second argnment in 
holomorphic ones. 
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On a coordinate chart on M, the Poisson bracket is given by a Pois¬ 
son tensor of type (1,1), 




/ df dg 
\ dz^ dz^ 


dg df \ 
dz^ dz^) ' 


For any star product with separation of variables on (M, {•, •}) the 
operator Ci is given locally by the formula 


C^{f,g) = g^^ 


df dg 
dz’- dz'^' 


Given a star product with separation of variables * on M, there exists 
a formal differential operator J = 1 -|- z/Ji -|- 1/^/2 . globally dehned on 

M such that for a local holomorphic function a and an antiholomorphic 
function b, 

I {ah) = b * a. 

In particular, la = a and Ih = b and therefore Ga = 0 and G& = 0 for 
r > 1. The operator Ji is the Laplace-Beltrami operator A given by 
the local formula 

- <92 

A = ■ 

dz’^dz^ 

If A is a closed global (l,l)-form on M, its local potential ip on an 
open subset f/ C M is dehned up to a summand a + b and therefore 
the function Ir(p does not depend on the choice of the potential. Such 
functions on a contractible covering glue to a global function on M 
which depends only on the form A and the operator Ir- This observation 
will be used in the proof of Theorem [H 

A star product with separation of variables * on a complex manifold 
M is completely determined by its formal Berezin transform I. It was 
proved in [S] that the inverse operator is the formal Berezin trans¬ 
form of a star product with separation of variables * on M equipped 
with the opposite Poisson structure such that 


flg = I-\lg*If). 


We call * the dual of the star product *. The dual of * is *. 

Given a complex manifold M which admits a pseudo-Kahler struc¬ 
ture, we denote by fl{M) the set of formal series 

1 

U — — OJ-i -f- OJq -h UOJi , 

V 

where UriV > —1, are closed (1,1)-forms on M and uj-i is nondegen¬ 
erate. In particular, {M,U-i) is a pseudo-Kahler manifold which has 
a Poisson structure corresponding to a;_i. It was proved in [6] that 
the nondegenerate star products with separation of variables on M are 
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bijectively parametrized by the elements of Vt{M). In [2] Fedosov’s 
geometric construction was modified in order to show that on every 
pseudo-Kahler manifold there exists a star product with separation of 
variables (of the Wick type). In [T3] it was shown that every star prod¬ 
uct with separation of variables on a pseudo-Kahler manifold can be 
obtained via a generalized Fedosov’s construction. 

The form uj parametrizing a nondegenerate star product with sepa¬ 
ration of variables * is called its classifying form. The classifying form 
Cj of the dual star product * is such that 

1 

UJ = - UJ—i -|- UJq -|- UUJi -|- . . . . 

V 

The mapping ca i—)■ a; is an involution on Q{M). We call the form 
(2) = -^ (w - a)) = -^ oj-i + uJq^ + -F ... 

the phase form of the star product *. Clearly, the phase form of the 
dual star product 5 is Given a form uj G Q{M), we will call the 

corresponding forms u and uj ^^ its dual and phase forms, respectively. 

In this paper we will prove that the mapping uj i—)■ uj^^ is a bijection of 
Q{M) onto itself and thus the phase forms can be used as an alternative 
parametrization of the nondegenerate star products with separation of 
variables on M. This choice of parametrization is justified by the fact 
that the cohomology class of a star product with separation of variables 
is equal to the cohomology class of its phase form, which follows from 
results obtained in [^. 

We will consider the action of a change of the formal parameter on a 
star product with separation of variables, its formal Berezin transform, 
classifying form, phase form, and canonical trace density. In particular, 
we will consider the action of proper involutions of the formal parameter 
such as z/ I—)■ —u and describe the star products whose phase form is 
odd with respect to an involution. 

2. Deformation quantizations with separation of 

VARIABLES 

In this section we will describe basic constructions related to star 
products with separation of variables on a pseudo-Kahler manifold ob¬ 
tained in m, m, and [S]. Fix a pseudo-Kahler manifold M with a 
pseudo-Kahler form a;_i and an element 

1 

UJ = — UJ-I -|- CUo + HCUi -|- . . . 

V 
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of Q{M). Let U he a contractible coordinate chart on M. Each form 
> —1, has a local potential on U so that Ur = idd^r- Thus, 

$ = - <h_i + $0 + p*hi + ... 

V 

is a formal potential of u. The metric tensor gj^j of the form uj-i is 
given on U by the formula 

_ 

9kl o t- o—/ * 

oz^oz^ 

Its inverse is a Poisson tensor of type (1,1). It was proved in [6] 
that there exists a unique globally dehned star product with separation 
of variables on (M, a;_i) such that on each contractible coordinate 
chart U, 

d^d d 

r + r and Ra^ = 
oz'^ az'^ aF oz'- OZ'- 

The mapping a; ha * 0 ; is a bijection of fl{M) onto the set of all nonde¬ 
generate star products with separation of variables on M. The formal 
form u! is called the classifying form of the star product * 1 ^. We drop 
the subscript uj in if it does not lead to confusion. 

Let (M, a;_i) be a pseudo-Kahler manifold of complex dimension m 
and [/ C M be a contractible coordinate chart. Denote g = det(gki) 
and £x a branch of logg on U. The Ricci form of the metric gjg; 
is a closed global (l,l)-form on M given locally by the formula p = 
—idd log g. We denote by e = [—p] the canonical class of M. 

A local construction of the canonical trace density /i of a star product 
with separation of variables * on M was introduced in [8]. Below we 
give a slightly modihed version of this construction. Fix an arbitrary 
formal potential 

(3) *h = — 1 -j- *ho T -l-... 

V 

of the classifying form uj of the product * on U. There exists a unique 
potential T of the dual form 0 of the form 

(4) T = <h_i (-$0 -h logg) z/d'i ... 
satisfying the equation 

m 

where I is the formal Berezin transform for the product *. The global 
function x from ([1]) is given by the formula 

(6) X = -|- d' — logg = p(*hi -l- Ti) -|- z/^(<h 2 T 4 / 2 ) -I-... 
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on U. It follows from (|6]) that 

(7) uj + O = —p + iddx. 

Since x is global, the class of iddM: is trivial and 

[w] + [w] = £. 

It was proved in [7] that the class of the star prodnct with separation 
of variables with the classifying form uj is [cn] — e/2, which is exactly 
the class of the corresponding phase form 


3. A STAR PRODUCT WITH A GIVEN PHASE FORM 


In this section we will prove the existence and uniqneness of a nonde¬ 
generate star product with separation of variables on a pseudo-Kahler 
manifold M whose phase form is a given arbitrary element of 

Let M be a pseudo-Kahler manifold of complex dimension m and * 
be a nondegenerate star product with separation of variables on M 
with the classifying form 

1 

u = — a;_i -|- cuo + hcui . 

V 

Lemma 1. For each r > 1, the bidifferential operator Cr of the star 
product * depends only on the forms Uk with —l<k<r — 2. 


Proof. Let f/ C M be a contractible coordinate chart and <I> = + 

<ho . be a potential of u on U. Fix / G C°°{U). It was proved in 
[6] that the formal differential operator A = Lj on 17 is completely de¬ 
termined by the following conditions: the operator A does not contain 
antiholomorphic derivatives, it commutes with the operators iq^i for 
1 < / < m, and satishes Al = f. In particular, A = f + i>Ai + i>‘^A 2 +... 
and Arl = 0 for all r > 1. For a function g G C°°{U), A^g = Cr{f,g). 
The commutation condition written explicitly is as follows. 


( 8 ) 


/ -|- uAi + .. 


’ u dz^ 


+ 


^ a \ ^ 

dz’- dz’- J dz'- 


0 . 


Observe that condition ([8]) does not depend on the choice of a formal 
potential of the form uj. Extracting the component of ([8]) corresponding 
to we get 


(9) 



dz^ 


+ 


Ar-2) 


d 

dz^ dz^ 


+ ... + 



d^r-2 

dz’- 


0. 


Using induction on r, we see from ([9]) that the commutator 


(10) 
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is expressed in terms of the forms ook with —l<k<r — 2. It was 
shown in [B] that the knowledge of the commutators ffTU]) for 1 < / < m 
and the condition A^l = Q determine uniquely. It follows that the 
operator and therefore Cr, are expressed in terms of the forms ujk 


with -l<k<r -2. 


□ 


Let / = 1 + vli + ... be the formal Berezin transform of a nonde¬ 
generate star product with separation of variables * on M with the 
classifying form uj. According to Lemma [U for each r > 1 the operator 
Ir is expressed in terms of the forms with —l<k<r — 2. Set 
I = The operator J = 1 -|- vli -|- v‘^l 2 is the formal Berezin 
transform of the dual star product 5. The following lemma is trivial. 

Lemma 2. For each r > 1, the operator Ir is expressed in terms of the 
forms ujk with —l<k<r — 2. 

Assume that 


= ia;_i + + utof + ... 


is an arbitrary element of Q{M). We want to construct a star product 
with separation of variables * on (M, W-i) whose phase form is and 
show its uniqueness. We will construct inductively its classifying form 

1 

OJ = —U-i -f CJo + T^OJl -|- . . . . 

V 

It follows from formulas ([3]) and (jll) that 



Let IJ C M be a contractible coordinate chart. We rewrite equation (|5]) 
on \J as follows, 


dT m ~d^ 
dv V dv 


( 11 ) 


Extracting the component of (ITTil corresponding to z/'’ ^ for r > 1 we 
get the equation 


r+l 

r^r - - k)Ik^r-k, 


k=l 


whence it follows that for r > 1, 


• I TJ- 

f - ^dOy^ir - k)h^r-k. 

2r 


r+l 


Ur = U\ 


k=l 


( 12 ) 
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The sum on the right-hand side of (fT^ is a global (l,l)-form on M 
expressed in terms of the forms Uk with —1 < k < r — 1. Therefore, 
the form uj can be inductively constructed from the phase form and 
is uniquely dehned. We have proved the following theorem. 

Theorem 1. Given a pseudo-Kdhler manifold M , for any formal form 
G Q{M) there exists a unique nondegenerate star product with 
separation of variables on M whose phase form is uj^^. 

It is particularly easy to construct a classifying form u with a given 
phase form if the phase form is an invariant formal form on a homo¬ 
geneous pseudo-Kahler manifold. A nondegenerate star product with 
separation of variables on a homogeneous pseudo-Kahler manifold is 
invariant if and only if its classifying form is invariant (see HB). if» 
is an invariant star product with separation of variables on a homoge¬ 
neous pseudo-Kahler manifold M, then its canonical trace density /i is 
invariant and therefore the function x from o is a formal constant. 
Now formula ([7]) implies that 


u + u = —p 

and the corresponding phase form is 

a."''= a. + i p. 

Vice versa, if is an arbitrary invariant formal form from Q{M), 
then 


is an invariant classifying form of an invariant star product with sepa¬ 
ration of variables on M whose corresponding phase form is 

Example: The complex projective space CP™ equipped with the 
Fubini-Study form ups is a homogeneous Kahler manifold under the 
action of the projective unitary group PU{m -|- 1). The Ricci form of 
the Fubini-Study metric is (m -|- 1)u!fs- The invariant star product 
with the classifying form 

1 m -|- 1 

u) = — ujps - —^FS 

V 2 


UJ 


ph _ 


1 

— Ujps- 

V 


has the phase form 
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4. Change of the formal parameter 

Let r(z/) = Tiv + + ... be a formal series in v with Tr E C and 

Ti 7 ^ 0. The change of the formal parameter u ha r(z/) dehnes, via a 
pullback, a C-algebra automorphism T = r* of C°°{M)[u~^, z/]], 

{Tf){u,x) = f{T{u),x), xeM. 

The action of T extends to other formal geometric objects on M. We 
will be particularly interested in the involutive change of the formal 
parameter z/ ha — z/. 

Given a star product * on (M, {•,•}), the product *t dehned by 
f*T9 = T{{T-^f)*{T-^g)) 

is a C[z/“^, z/]]-bilinear star product on (M, If the product * 

is given by a formal bidifferential operator C = fhen the 

product *T is given by 

OO 

Ct = 5;(r(0)'C,, 

r=0 

Lemma 3. If* is a (possibly degenerate) star produet with separation 
of variables on a complex manifold M with the formal Berezin trans¬ 
form I, then *T is also a star product with separation of variables whose 
formal Berezin transform It is given by the formula It = TIT~^. 

Proof. If a is a local holomorphic function on M, then so is T~^a. We 
have 

a*Tf = T((T-^a) * [p-^f)) = T{{T-^a){T-^f)) = af. 

Similarly, for a local antiholomorphic function b we have f *t b = bf. 
Therefore, *t is a star product with separation of variables. Now, 

I.^{ab) = b*Ta = T{{T-^b) * = 

PI{{p-^a){p-^b)) =PIP-\ab), 

hence It = PIP~^. □ 

In the rest of the paper we will assume that * is a nondegenerate 
star product with separation of variables on a pseudo-Kahler manifold 
(M, a;_i) of complex dimension m with the classifying form 

1 

u) = — w}—\ -\- ujq -|- ... G 

We £x a change of the formal variable P = r*. The product *t is a star 
product with separation of variables on the pseudo-Kahler manifold 
(M, (l/ri)a;_i). 
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Lemma 4. The classifying form of the star product with separation of 
variables *t is Tu. 


Proof. Let $ be a formal potential of ca on a contractible coordinate 
chart U C M. Given a function / on U, we have 


(9(T$) 

dz^ 


*T f 



*T f 


T 


T 


dz^ 


d 


T-7 + ^T-7 

oz'^ 



d{T^) df 

dzk Q^k • 


It follows that T<h is a formal potential which determines the star 
product with separation of variables *t on U. Therefore, the classifying 
form of *T is Tu. □ 


Let I be the formal Berezin transform and fi be the canonical trace 
density for the product and let u be the dual of the form u. The 
canonical trace density of the star product *t is given by the formula 


(13) 


flT — 


ml 


TiZ/ 


-Ul-I 


3 XT 


where is a globally dehned formal function on M which vanishes at 
z/ = 0. The expression 

r(z/) 


log- 


TiV 


= —V + ... 
Tl 


gives a well defined formal series which also vanishes at z/ = 0. 

Proposition 1. (a) The dual form of the form Tu is the form Tu. 
(h) The following formula holds, 

r(z/) 


ht = T X — m log ■ 


TiZ/ 


(c) The canonical trace density for the product *t is 


(14) 


Tt — T jj, — —- 
ml 


r(z/) 


a;_i 




Proof. Let U C M be a contractible coordinate chart. Denote, as 
above, the metric tensor of a;_i by and set g = det( 5 f;j;-). The metric 
tensor for (l/ri)a;_i is and 


det 


Tl 


9ki — 


g- 


Fix a branch of logg on U and a value of logri, and set 

1 


log 


Tl 


g = log g — m log Tl. 
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Choose an arbitrary potential of the form u on U. Then, according 
to Lemma m T$ is a potential of the form ut- We have 


1 


T<h = —$_i + —+ <h 


T2 


(mod z/). 


There exists a nniqne potential S of the form dnal to Tea snch that 


(15) S =-$_i + ( - $0 + logg - mlogTi ) (modi/), 

TiV \t( 

and which satishes the eqnation 

(16) 

The fnnetion xt in formnla flT^ has the following local expression, 
(17) xy = Td) + S — logg + mlogTi. 

Applying T to ([5]) and using the fact that 

d 


d ^ d ^ m 

-(T4)+ 


we obtain that 

( 18 ) 

Equation 


T—T~^ = — 
du df' 


1 d{T^) 1 ^ d(TT) 

H— rr^dr- 


m 


r'(z/) dv 'r'(p) di> t{i>) 
is equivalent to the following one. 


d 


d 


— (T$) + It-t- ( log 


iu - iu 

We get from equations (fT6|) and (IT^ that 


( 20 ) 

Equation 
(21) TT = 


d ^ d 
dv dv 
implies that 


TT — m log 


TiV 


TiV 


m 

V 


^ <h_i + ( 


T\V 


rt 


<l >0 + log g (mod v). 


We obtain from Eqns. flT^ [20l [2T]) that 


( 22 ) 


= TT — m log Ti — m log 


TiU 


Statement (a) of the Proposition follows directly from formula 
We obtain statement (6) combining the formula 

Tk = T<l> + TT — logg 

with (ITT)) and (l22|) . Statement (6) readily implies (c). □ 
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Let denote the phase form of the product 

Corollary 1. The phase form of the star product is 

Now assume that t{v) = tiv + T 2 v‘^ + ... is a proper involution, i.e., 
T o T = id and Ti = —1, for example, t{i/) = —v. For any uj G Q{M), 
its odd part with respect to the proper involution T = r*, 

also lies in Q{M). 

Theorem 2. Let * be a nondegenerate star product with separation 
of variables on a pseudo-Kdhler manifold M with the classifying form 
UJ G Q{M), dual form UJ, phase form uj^’^, and formal Berezin transform 
I, and let T = r* be a proper involution. Then the following conditions 
are eguivalent: 

(i) TuP^ = -ujP^; 

(a) Tuj = uj; 

(ill) It = 

Proof, {i) ^ (a). Assume that ujP^ is odd with respect to T, i.e., 
TujP^ = —ujP^. The phase form of the form To; is TujP^ = —ujP^. The 
phase form of the dual form uj is also —ujP^. By Theorem [H Tuj = uj. 
The implications {ii) ^ (i) and (ii) {iii) are straightforward. □ 

Assume that T = r* is a proper involution and * is a star product 
satisfying conditions (i) — (Hi) of Theorem [2l 

Proposition 2. The canonical trace density fiT of the star product *t 
is expressed through the canonical trace density n of the product * as 
follows, 

/iT = (-!)>. 

Proof. Formula ffT^ and the fact that ti = — 1 imply that the statement 
of the Proposition is equivalent to the statement 

(23) jct = 

We will prove the formula 

(24) Tx—x = mlog ^^ ^ 

TiU 

which, according to part (ii) of Proposition [T], is equivalent to (|2^ . 
Assume that uj G Q{M) is such that Tuj = uj. Let <F and T be formal 
potentials of uj and a; on a contractible coordinate chart U <Z M given 
by formulas ([3]) and (0]), respectively. Formula ([6]) implies that 

(25) Tx - X = T$ + TT - $ - T. 
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Since It = I ^ by Theorem [2], equation (|T^ can be rewritten as follows, 

r(z/)' 


(26) 


,d(T^) d 


TT — m log 


Tin 


m 

V 


Subtracting equation 
(27) 


^ d ^, d 

/—(T<h -'^) + -r- 
dv dv 


from (|26|l we obtain that 

r(z/) 


TT — <h — m log 


TiZ/ 


= 0 . 


Lemma H] implies that T$ — T = a + 6, where a and b are a formal 
holomorphic and antiholomorphic functions on U, respectively, whence 


jA(t<L - T) = -^(T<h - T). 

du dv 

We get from (|27|l that 


(28) (T$-T + TT-$-mlog^ ) = 0. 

dv \ TiU J 

We see from equations fl25D and (1281) that 

(29) (Tk — K — = 0. 

dv \ TiU J 

Formula fl2T)) follows from (1291) and the fact that the formal series 
Tx, X, and log(r(z/)/riz/) vanish at n = 0. □ 

Corollary 2. //r(z/) = —v, then the function k is even in the formal 
parameter u. 

Proof. The Corollary is an immediate consequence of formula . □ 


Given the formal Berezin transform I corresponding to a classifying 
form oj = (l/n)a;_i + ... G the formal differential operator 

X := log/ = uXi + z/^X 2 + ... is a well dehned global operator on 
M with Xi = A the Laplace-Beltrami operator for the pseudo-Kahler 
metric a;_i. Condition (Hi) of Theorem 12] is equivalent to the condition 
that X is odd with respect to T, i.e., TXT~^ = —X. In it was 
noticed that, for each r > 1 , the order of the operators X2r-i and X^r 
is not greater than 2r. This observation leads to the question whether 
the order of the operators X2r can be lowered further. It turns out that 
all operators X2r can simultaneously vanish. Namely, if the involution 
is r(n) = —z/, one can see from Theorem 12] that all operators X 2 r. vanish 
if and only if the phase form of the form uj is odd in the formal 
parameter z/. 
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